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Solution by HON. JOSIAH H. DEUMMOND, LL. D., Portland, Me. 

(a). Take a—one of the numbers, any then if we take x*-\-a and y s +a 
=the other numbers, and two of the conditions are met, and we have only to 
make x s —y* (the difference between the other two) a square. But a; 8 — y% is the 
expression for one of the sides of a right angled triangle. Hence we may take 
x=p i -\-q* and y=p* —q i , or 2pq and the three numbers will be [p*+2*P+ffl and 
[2pg] 8 +a or [p* — g 8 ] 2 +a and a, in which a, p, and q may be any numbers. To 
obtain the least three take a=l,p=2, andg=l, and the numbers are 1, 10 or 17, 
and 26, the least being 1, 10 and 26. 

(6). The solution of the second part of this problem is on page 113, April 
number. The problem was incorrectly numbered 92. Ed. 

97. Proposed by JOSIAH H. DEUMMOND, LL. D., Portland, Me. 

Find a general expression for the radius of the sphere which, dropped in (or partly 
in) a right cone full of water, will displace the most water; the radius of the sphere, and 
the width, height and slant height of the cone to be rational integral numbers. 

Solution by the PE0P0SEE. 

Let ABC be a section of the cone passing through the axes, AB being the 
diameter of the cone, CD the axis, BO the slant height, and EB and EF radii of 
the sphere. Let BD=a, BG=i, and GD=c. Let BE=BF=x and DE=y; then 

BD= l /lx i -yn; then *£*+*]' + *[«'-y*][*+y] =con tents of sphere with- 

in the cone which must be a maximum. Omitting constants, this reduces to 2x 3 
-\-3z*y— y 3 =maximum....[l]. 

But BG:BD::GE:FE; or b:a::c—y:x, and bx=ac— ay.. ..[2]. 

Differentiating, and reducing, dy=—bdx/a. Differentiating [1], substi- 
tuting the value of dy and reducing, we have 2ax[x+y~\ — &[# 8 — y 8 ]=0. Divid- 
ing by x+y, we have 2ax— &[&— «/]— 0.... [3]. 

%-\-y=0 gives x=—y. Substituting this value in [1], the expression be- 
comes zero. Hence, this value of x does not answer the conditions of the ques- 
tion. Substituting the value of y in [3] as found in [2], and reducing, we have 

dbc 

X ~ [6-a][H2a] ' 

As a, 6, and c are sides of a right angled triangle, take b=p 2 +q 2 , a=p* 
— q 2 , and c—2pq. Then 

ffQ> 8 +g a 3l> 8 -g 8 ] 

For integrals, a;=i)[p 8 +3*][i) s -g 8 ], 2a=2tf|> 8 -2 8 ][3j> 8 -tf 8 ], 
&=g[> 8 + g 8 ][3i3 8 -g 8 ], c=2pq*\Zp*-q*-], 
in which p and q may be any integral numbers, p being greater than q. 
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E. g. Takej?=2 and q=l. Then a=30, 2a=66, 6=55, and c=44. 
Of course, we can take a=2pq, and c—p 2 — q 2 ; but the resulting expres- 
sion is not so simple and yet when reduced to integrals gives the same value for 

x, but cone thus obtained has different dimensions. 

Also solved by G. B. M. Zerr, who gets slant height=B06m', altitude=484m a , radius of sphere 
=330m', and radius of cone^ftSm 1 , where m Is any integer. 

98. Proposed by L. C. WALKER, A. M., Graduate Student, Leland Stanford University, Cal. 

(a) Find the least three integral numbers such that if to the square of each the prod- 
uct of the other two be added, the three sums shall all be squares. 

(6) Find the two least integral numbers such that not only each of them, but also 
their sum and their difference, when increased by unity, shall all be square numbers. 

Solution by HON. JOSIAH H. DEUMMOND, LL. D., Portland, Me. 

(a) Let x s , m*x 2 and nx 2 represent the required numbers. Then we have 
l+mw=D....(l); m- +»==□.. ..(2), and m-f-w 8 = □.... (3). Take w=J— m 
....(4), and (2) becomes a square, as (3) does, when we transpose (4) and get 
m=i— n. Substitute the value of n in (1) and we have 

l+-r — m 2 --=o= (say) [1— prn] 2 . 

Eeducing, we have m = . r , , ^r=, and n=i— m— fjr., , ,_ . 

Take z=4[j> 2 -)-l], mx—8p-\-l, and n«==p[p— 8], in which p may be any 
number greater than 8. Take p =9 and we have #=328, mx=7S, and nx=9. 

(6) Let x 2 and y 2 be the numbers. Then x 8 +j/ 2 + l=D=(say)(m-|-l) 8 
and a; 8 — y 2 +l=a =(say)(»ra— l) 8 . 

By adding and reducing, we get x 2 —m 2 and x=m. 

By substituting and reducing, we RnAy 2 =2m. Take m==2n 2 and we have 
a;=2w 2 and y=2n. Take «=1, and x=2, and y—2, and the numbers are 4 and 
4 j take «— 2 and the numbers are 16 and 64. 

Also solved by Q. B. M. ZERR, and L. O. WALKER. 



AVERAGE AND PROBABILITY. 

Remark on Problem 109, by 6. B. M. ZEEE, A. M., Ph. D.. The Temple College. Philadelphia. Pa. 

Let r=asin 2 0. Then the last integral in Professor Walker's solution is 
transformed as follows : 



_8_ 
9a 



n^aatan-K— — ) - (3a* +2ar-8r 2 ),/(ar-r 2 )]«V, 



— _irr_ I (30-3sin0cos0-2sin 9 0<x>s0+8sin s 0cos0)sin0cos0tf0, 
9 J o 



